We study a cavity-QED setup consisting of a two-level system coupled to a single cavity mode with two-photon relaxation. The system dynamics is modeled via a Lindblad master equation consisting of the Rabi Hamiltonian and a two-photon dissipator. We show that an even-photon relaxation preserves the Z2-symmetry of the Rabi model and provide a framework to study the corresponding non-Hermitian dynamics in the number-parity representation of the closed Rabi model. We discuss the role of different terms in the two-photon dissipator and show how one can extend existing results for the closed Rabi spectrum to the open case. Furthermore, we characterize the role of the Z2-symmetry in the excitation-relaxation dynamics of the system as a function of light-matter coupling. We observe that initial states with even/odd parity manifest completely distinct transient and steady state behaviors.
Introduction. The Rabi model 1 describes the quantum interaction between a two-level system (TLS) and a bosonic mode. Despite its simple form, the Rabi model represents an important theoretical building block of quantized matter-field interactions and quantum information processing. It is applicable to a broad range of quantum phenomena spanning microscopic to mesoscopic systems, finding realizations in a wide range of quantum platforms, including cavity QED 2-5 , circuit QED [6] [7] [8] [9] [10] [11] , nanoelectromechanical [12] [13] [14] [15] , quantum-dot 16 , and trapped-ion 17, 18 systems. Light-matter interactions within the Rabi model can be split into rotating (resonant) and counter-rotating (non-resonant) contributions.
The conventional approach to analyze the dynamics of this system is to apply the rotating-wave approximation (RWA) and work with the resulting simplified Jaynes-Cummings (JC) model 19 , valid when the coupling constant is much weaker than the TLS and mode frequencies. From the perspective of symmetry, neglecting the counter-rotating terms fictitiously extends the Z 2 -symmetry of the Rabi model to a U(1)-symmetry, which makes the total excitation number the second conserved quantity besides the Hamiltonian and therefore facilitates analytical solutions. The JC model has been employed successfully to describe the dynamics of most cavity-QED setups [2] [3] [4] [5] . However, with the advent of superconducting quantum devices, it has become feasible to reach ultrastrong 20, 21 and, more recently, deep-strong 22 regimes of interactions. The breakdown of RWA in these regimes has motivated various theoretical efforts to revise the Rabi model. First, generalized versions of RWA 23, 24 that behave properly under stronger light-matter coupling were introduced. Second, contrary to the common understanding at the time, Braak 25 argued that the Z 2 -symmetry of the Rabi model is sufficient for its integrability, showing that the regular spectrum in each parity subspace can be obtained from the roots of a transcendental function. Moreover, Chen et. al provided a more physical derivation of the Rabi spectrum using Bugoliubov transformation 26 , contrary to the Bargmann representation 27 employed by Braak. These early studies paved the way toward ongoing developements of analytical and perturbative methods for the spectrum, eigenmodes, and dynamics of the Rabi model under different parameter regimes [28] [29] [30] [31] [32] . On the other hand, it is known that an even exchange of excitations between a cavity mode and environment conserves the Z 2 -symmetry. For instance, the dynamics of a single cavity mode under two-photon relaxation (zero coupling limit of Rabi) has been studied extensively [33] [34] [35] [36] [37] [38] [39] , and recently implemented in circuit-QED via a four-wave mixing scheme 40 . To date, however, the majority of works have focused primarily on ideal, closed (Hermitian) properties of the Rabi model, while the role of Z 2 -symmetry in realistic, open (non-Hermitian) scenarios remains an open question.
In this article, we generalize the theory of Z 2 -symmetry of the Rabi model to the open quantum case, which is also of more experimental relevance. We first review the spectrum of the closed Rabi Hamiltonian, providing analytical recursion relations for both the eigenfrequency and eigenmodes of the system. Our calculation is performed in the (cavity) number-(overall) parity representation 41 , where the Z 2 -symmetry of the model is explicit. For the open scenario, we consider a Lindblad master equation 42, 43 of the Rabi Hamiltonian with twophoton dissipation for the cavity mode. To analyze its spectral properties, we employ an effective Hamiltonian obtained by keeping diagonal decay terms while neglecting the off-diagonal collapse in the two-photon dissipator. This phenomenological treatment provides a reliable approximation to the complex eigenfrequencies but not nec-essarily the eigenmodes and ground state. While a more complete and accurate definition of an extended effective Hamiltonian exists, mapping the full Lindblad dynamics associated with the master equation into a normpreserving Schrodinger equation 44 , analytical treatment of its associated spectrum seems prohibitive due to its significantly larger Hilbert space compared to the phenomenological model. A major motivation behind this and recent studies of multi-photon relaxation processes is the latter's application to realization of dynamically protected, universal quantum computing paradigms 45 . In what follows, we introduce the open Rabi model and revisit the parity representation of the system Lindblad dynamics. We then provide analytical recursion relations to determine the complex spectrum of the system. Furthermore, we point out the ways in which two-photon relaxation and the parity of the initial state impacts the excitation-relaxation dynamics of the system.
Model. Our system consists of a TLS coupled to a single cavity mode. The cavity is engineered such that linear dissipation is negligible compared to two-photon relaxation, constraining the cavity to exchange only pairs of photons with the surrounding environment, as shown in Fig. 1 . The system dynamics can be obtained via the following Linbdlad equation:
whereĤ s is the Rabi Hamiltonian,
with ν q , ν c , and g denoting the qubit frequency, cavity frequency, and light-matter coupling, respectively. Twophoton relaxation is described via the dissipator,
with κ c2 denoting the two-photon relaxation rate. Throughout the manuscript, quantum operators are denoted by a hat while superoperators are denoted using calligraphic (mathcal) letters.
In the following, we transform the Lindblad Eq. (1a) such that the Z 2 -symmetry of the Rabi Hamiltonian and two-photon relaxation term become explicit [See also Supplementary Material (SM)]. In particular, we define the overall parity operator for the system as:
The Z 2 -symmetry of the Rabi Hamiltonian (1b) means thatĤ s remains invariant under the parity transformationP †Ĥ sP =Ĥ s . Consequently, the Hilbert space can be partitioned into parity subspaces having even (plus) and odd (minus) total excitation numbers: The adjacent states in each subspace can be coupled either through rotating or the counter rotating terms. For example, in the p = +1 subspace, the states |1, e and |2, g are connected via the rotating while the states |0, g and |1, e are connected via the counter-rotating terms.
If we neglect the latter, we effectively reduce each parity subspace into a collection of number-conserving JaynesCummings doublets {|n, e , |n + 1, g }, given by:
Defining a new set of bosonic operators,b ≡σ xâ , and describing theσ z operator in terms of the parity operator of Eq. (2), one finds that the Rabi Hamiltonian (1b) transforms to
The parityP and bosonicb operators commute, thus one can use the set of number-parity states as a complete basis for the Hilbert space of the problem, defined as:
Table I summarizes the correspondence between the (old) number-excitation and (new) number-parity bases. Next, we rewrite the original Lindblad Eq. (1a) in this basis, starting by observing that the two-photon dissipator is also invariant under the parity transformation,
In the quantum treatment of dissipation, the two contributions to the dissipator are described by decay and collapse terms. The former represents the rate at which a quantum state loses probability while the latter represents the rate at which lower states in the excitation ladder receive probability, in such a way that the net probability is conserved in time. Mathematically, the Lindblad dissipator is trace preserving, i.e. Tr D[Ĉ]ρ = 0, for any arbitrary collapse operatorĈ. By separating the two-photon dissipator into decay and collapse contributions, one can re-express the Lindblad of Eq. (1a) to yield, withĤ s,ef denoting the effective system Hamiltonian aŝ
Neglecting the coupling induced by collapse, the last term in Eq. (8a), the dissipative dynamics is governed solely byĤ s,ef . This framework is a middle ground in which the unitary part of the system dynamics is treated quantum mechanically, while the dissipation is treated phenomenologically. Essentially, such an approach provides a good approximation for the complex eigenspectrum of the problem, while ignoring proper characterization of the modal and ground state information.
Spectrum of the open Rabi model. In this section, we first revisit the spectrum of the closed Rabi model, comparing and benchmarking our solution against those obtained by Braak et. al 25 . For the open case, we study the impact of two-photon relaxation by considering a phenomenological treatment of the openness that neglects collapse, in which case the spectrum is determined bŷ H s,ef in Eq. (8b). In particular, we show that the typical solution obtained for the closed case can be generalized to yield the complex eigenfrequencies of the open system.
We begin with the eigenvalue problem for the closed Rabi model,Ĥ s,p |Ψ np = ω np |Ψ np , where n labels the eigenvalue/eigenfunction and p its corresponding parity subspace. Expanding the unknown eigenmodes in terms of the number-parity basis,
one finds that the eigenfrequencies ω np are obtained by the roots G p (ω np ) = 0, where
satisfies the following recursion relation (See SM):
subject to initial conditions, G p,0 = α p,0 and G p,1 = α p,0 α p,1 − β p,0 γ p,1 . The coefficients in the recursion Eq. (10) read
Similarly, the corresponding eigenmodes are determined by yet another recursion relation for the probability amplitudes c np,m , given by:
with initial conditions, α p,0 c p,0 + β p,0 c p,1 = 0. An illustrative example of the variation of the spectrum with respect to g is shown in Fig. (2a) , with parameters chosen in order to compare our results in the number-parity representation with those in Fig. 2 of Braak et. al. 25 . Within the phenomenological treatment of relaxation, the system dynamics are determined byĤ s,ef in Eq. (8b), in which case only diagonal decay terms are kept while contributions due to collapse are ignored. Interestingly, we find that the recursion relations determining the eigenfrequencies (10) and eigenmodes (12) have the same form as those of the closed system, except that the coefficients α np,m are replaced by (See SM):
To understand the changes induced by phenomenological decay (with respect to the closed system), we first consider the regime of zero coupling g = 0, in which case decay terms are diagonal in the number basis. In this scenario, the mth bare cavity mode acquires a decay rate of κ c2 m(m − 1), resulting in nonzero decay rates for all cavity number states except the ground and first-excited state. As the coupling g is turned on, the hybridization between the qubit and the cavity mode allows these terms not only to induce additional decay but also modify the real frequency of each state. Excitation-relaxation dynamics. Here, we study the dissipative dynamics of the system and discuss the role of Z 2 -symmetry. For concreteness, we consider the situation in which the cavity is initially prepared with even/odd number of photons, and describe the ensuing dynamics of the cavity photon and qubit population as a function of both time and g. We note that due to two-photon relaxation, only pair-exchange of photons between the cavity and the environment is allowed. Hence, we intuitively expect states with even/odd initial cavity photons to exhibit different transient and steady state behavior.
To better understand such dynamics, we start by considering the simplest case of g = 0. This choice of parameter decouples the qubit and hence corresponds to the problem of a single cavity mode with two-photon relaxation, which has been studied in detail using multiple methods [35] [36] [37] [38] [39] . In this case, due to even exchange of photons, initial states having even/odd numbers of cavity photons end up with zero/one cavity photons in the steady state, as represented by the following conservation identities 37, 39 2) when the system is prepared with three cavity photons and the qubit is in the ground state, i.e.ρ(0) = |3, g 3, g| = |3, − 3, −|, as a function of light-matter coupling g. The figure follows the same format as Fig. (3) , except that the bare state |3, g is instead mapped to eigenmodes in the odd (-) parity subspace.
whereρ(∞) is the steady state system density matrix 46 . Next, we move on to characterize the interplay of twophoton relaxation and the qubit for g = 0. Here, closed form analytical solutions of the evolution operator at arbitrary g seem intractable, and instead we employ numerical integration of the Lindblad Eq. (1a). We consider two scenarios, starting with two or three initial cavity photons as represenatives of the plus and minus parity subspaces, respectively.
The time-evolution of the cavity/qubit excitations as a function of g is studied in Figs. 3 and 4 for the cases of two and three initial cavity photons, correspondingly. In both cases, it is generally observed that as g is increased, more complex beatings between various normal modes emerge. Such beatings can be approximately understood from the mapping of the initial cavity state to the corresponding eigenmodes of the open Rabi model. This shows which modes are more active at a given value of g in each parity subspace (Figs. 3c and 4c ). For example, for the case ofρ(0) = |2, g 2, g|, the initial probability is shared between states |1, + and |2, + up to intermediate values of g (0 < g 0.5ν c ), beyond which |1, + and |3, + dominate. The corresponding frequency and decay rate of the modes can be obtained from Figs. 2a-2b.
Despite this generic similarity, it is observed that due to the non-trivial interplay of light-matter coupling and two-photon relaxation, the two cases under consideration have different transient and steady state characteristics. For the case of two initial cavity photons, we observe that the system reaches steady state on a time scale that is more or less given by the two-photon relaxation rate κ c2 (Figs. 3a-3b ). On the other hand, in the case of three initial cavity photons, the transient dynamics has more features. Generally, at small g, the dynamics can described as follows (Figs. 4a-4b ): First, a fast depletion of the initial three cavity photons into one photon, with timescale roughly determined by κ c2 . This can be seen by the sharp transition of the cavity excitation number from 3 to approximately 1 (red to blue in Fig. 4a ). Second, a slower depletion of the remaining cavity photon after a large number of Rabi exchanges between the qubit and the cavity, with timescale roughly determined by the decay rate of state |1, − . Essentially, since two-photon relaxation only allows pairs of exchange with the environment, the quantum state |1, − acts like a dark state at g = 0 (i.e. |1, g ). As g is increased, the decay rate of this state is barely modified up until g/ν c ≈ 0.5 (See Fig. 2b) , consistent with the observed long-lived excitations in the qubit/cavity dynamics (Figs. 4a-4b ).
The steady state of the qubit and cavity excitations have also been studied as a function of g in Figs. (3d-4d) . In the case of two initial photons, we observe that the steady state populations of the cavity and qubit increase non-monotonically with increasing g, exhibiting a local maximum close to g ≈ κ c2 . The case of three initial photons is more complicated. For small g < κ c2 , one observes fast relaxation of two photons, while the remaining photon energy is transferred to the qubit at steady state. At intermediate values of g, the excitation is shared between the cavity and the qubit while at very large g, the qubit excitation saturates and the cavity photon population increases linearly (Fig. 4d) . We note that, as expected, steady state quantities obtained from the Linbdlad formalism will become less accurate at large values of g, as one needs to account for the renormalization of the dissipator arising from the underlying systembath formalism 47 . Such an excercise however results in a Bloch-Redfield master equation 48 that is beyond the scope of this article.
Concluding remarks. In this article, we have studied the role of Z 2 -symmetry in the more realistic nonHermitian dynamics of the Rabi model, based on the fact that any even-particle relaxation is symmetry preserving. As the simplest representative of such Z 2 -preserving dissipative system, we considered a cavity-QED setup consisting of a two-level system coupled to a single cavity mode with two-photon relaxation. We modeled the system dynamics using a Lindblad master equation composed of the Rabi Hamiltonian under two-photon dissipation. We derived analytical recursion relations that describe the complex eigenfrequencies and eigenmodes of the system, extending previous results for the closed case. Our calculation is performed in the number-parity basis, where the Z 2 -symmetry of the theory is explicit. Finally, our results indicate a strong dependence of the excitation-relaxation dynamics on the parity of the initial quantum state. In particular, as expected, initial states having odd parity relax much slower than evenparity states, with the remaining long-lived single excitation behaving like a dark state.
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Supplementary material: Quantum Rabi model with two-photon relaxation
The structure of this supplemental material section is as follows. The Z 2 -symmetry of the Rabi model is discussed in detail in App. A. In App. B, we first revisit the spectrum of the closed Rabi model in its parity representation and extend the result to the open case.
Appendix A: Z2-symmetry of the Rabi model In this appendix, we revisit the Z 2 -symmetry of the Rabi model and discuss the transformation that diagonalizes the Hamiltonian in its parity representation.
We start with the Rabi Hamiltonian,
where ν c and ν q are the cavity and qubit bare frequencies and g represents the light-matter coupling strength. We define the global parity operatorP by its action on the spin and photonic degrees of freedom:
From (A2), one can derive the standard properties of a parity operator, including involutionP 2 =1, unitaritŷ P †P =1, and HermiticityP =P † . The global parity operatorP can be written as a product of the spin and photonic parity operators, 
The Z 2 -symmetry of the Rabi Hamiltonian (A1) means thatĤ s remains invariant aŝ
In the following, we rewrite the Rabi Hamiltonian such that the Z 2 -symmetry becomes explicit. In particular, we introduce the following new set of bosonic creation and annihilation operators,
